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ABSTRACT

Background: when quantum information is transmitted or manipulated in noisy environments, the information is lost
gradually because of adverse interaction with the environment. To protect the fragile quantum states, error-correction
codes are needed to protect the quantum data during the processes of quantum computation and communication.
Objectives: the present study were designed to investigate the quantum errors correcting codes (QEEC), precisely
quantum stabilizer codes. Methods: we introduce the formalism of stabilizer and we obtain such results the codewords
of the quantum stabilizer code. Results, as results it has been found that the 5 qubit code has different stabilizer groups.
Conclusions: the classical and specially the stabilizer quantum codes have much in common.

Keywords: Additive quantum codes, Stabilizer groups.

1. INTRODUCTION

Currently, quantum computer [1, 2, 3, 4, 5, 6] is supposed to work with qubits, the smallest unit of information.
This information is represented by some physical quantities susceptibility to errors dramatically changes in
comparison to classical implementation of the bit of information [7]. Theoretically repeated frequent
measurement of the classical register can kick the bit back to the nearer of 0 or 1. However the same
technique cannot be used in a quantum computer, since measuring the qubit would break down the
superposition between the logical zero and the logical one.

In addition, small interactions between qubits and the environment is a kind of continuous measurement of
the system and more interactions increases more information lost and thebegin to look like classical system.
This is for this reason (decoherence) we use the stabilizer codes.

In this paper, the objective is the study of additive codes (also called stabilizer codes) which have been an
important class of codes for most applications. In section 2 we give an introduction of quantum error
correcting code and the properties of this quantum codes. In section 3 we demonstrate how data encoded
in a five-qubit quantum error correction and the analysis will be extended to a different stabilizers. Finally a
conclusion is given in section 4.

2. MATERIALS AND METHODS

2.1 Quantum error correction codes

A quantum error can be any 2 x 2 unitary matrix. It comes natural then to look at set of Pauli matrices as
they span the space on 2 x 2 unitary matrices. They form a group with multiplicative factors +1, i called
Pauli group Pisince: X, Y, and Z anti-commute, i.e. XZ = -ZX, and similarly {X, Y} = 0 and {Y, Z} = 0.

Pi= {£I, il, X, £iX, £Y, *iY, £Z, iz} (1)
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Thus, the n-qubit Pauli group Pn consists of the 4" tensor products of I, X, Y, and Z, and an overall phase
of £1, or =i, for a total of 4"*! elements.

Ph={9/9g=91® gx® .... ®gn, ge {I, X, Y, Z}}. (2)

An important property of Pauli group that it is not an Abelian group. Another algebraic property that is
quite useful is that any pair of elements of Pn either commute or anti-commute. Also, the square of any
element of Pnis £1. We shall only need to work with the elements with square +1, which are tensor
products of I, X, Y, and Z with an overall sign +1; the phase i is only necessary to make Pna group. We
can now define the weight of an operator in Pn to be the humber of tensor factors which are not I.

2.2 Error correction Model

Data———— Encoder }——Codeword:

Channel

Original
data Error
Decode! Valid Correction Corrupted

codewords codewords

Figure 1: The figure presents the quantum error correction model.

1- Information to be transferred.

2- We encode the information into codewords.

3- These codewords go through the channel.

4- We will get the corrupted codewords.

5- The quantum error correcting code can be correct these corrupted codewords.
6- Decoding to obtain the initial information.

2.3 Properties of a stabilizer

1-The set of generators of the stabilizer [8, 9, 10, 11, 12, 13], forms a group under the multiplication:
If M|y >=|yp >and N|y >=|yp >, then MN|y >=|yp >. 3)

2-Any stabilizer subgroup of the Pauli group corresponding to a non-trivial stabilizer code, is Abelian:

If M|y >=|p > and N|y >=|y >, “4)
then (MN — NM )|y >= MN|y >— NM |y >= 0. (5)
For Pauli matrices = MN = NM. (6)

3-Given any Abelian group S of Pauli operators, define a code space
) =Aly>, Mly>=|yg> ¥ Me S}, (7)

then C(S) encodes k logical qubits in n physical qubits when S has n—k generators (so size 2"k).

4-Let {M1, Mg, ..., Mn-k } are the generators of the stabilizer S, where Mie Pn (1< i <n—-k), Hisan (n—k)x2n
matrix over GF(2) whose rows contains the vectors ¢$(M1), $(M2), ..., d(Mn-k) that is
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oM,)

H=
q)(Mn—k)

=[HXJ HZ]I (8)

H is called the check matrix of S.
3. RESULTS AND DISCUSSION: The five qubit stabilizer code

Additive quantum codes, also known as stabilizer codes utilize some simple structural properties of the
space of possible errors [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26]. They essentially emerge in a
attempt to generalize the techniques from the theory of classical error correction to the quantum domain.

The [[n, k, d]] = [[5, 1, 3]] perfect code encodes a single qubit (k = 1), and corrects all errors of weight
1 (since (d — 1)/2 = 1). This code is the smallest single-error correcting quantum code.

We concentrate our intention here on the stabilizer sets, where, the number of stabilizer sets in the Hilbert
space €2" that maintain a +1 eigenspace of dimension 2kis given by
2" [[Rzi2n* — 1). (9)

The cardinality of [[5, 1, 3]]is |S| = 2"*= 16 and the set D!!>"*!l of n — k = 4 stabilizer group generators
is given by

5,1,3
Ds[[ V=< 6,0,0,0,1,10,0,0,0,,0,10,0,0,,0,0,10,0, >. (10)

The code is the simultaneous eigenspace with eigenvalue 1 of 4 commuting check operators (stabilizer
generators)

N; = 0,0,0,0,1,
N, = 10,0,0,0,,
N3 = 0,10,0,0,, (11)

N, = o0,0,10,0,.

All of these stabilizer generators square to I, they are mutually commuting because there are two collisions
between o, and o,. The other three generators are obtained from the first by cyclic permutations.

Tablel: The table presents the generator which anti-commute with the error.

Error operator Generator anti-commute with the error
Ei1 = 0,80,00,80,X0; Ny = o,0,10,0,
E; = 0,00,80,80,%0; N; = 0,0,0,0,1
Es; = 0,800,80,80,80; Ny = 0,0,0,0,1, N, = 10,0,0,0,0,
Es = 0,®0,®00,®0,R0; N, = 10,0,0,0,0,, N3 = 0,10,0,0,
Es = 0,00,80,80,Q0, N3 =o,lo,0,0,, Ny = 0,0, 10,0,
Es = 0,80,80,80,&0; Ny = 05x0,0,0x1, N3 = 0,10,0,0,
E7 = 0,®0,80,80,0; N, = 10,0,0,0,0x, Ny = 0,0,10,0,
Es = 0,00,80,80,80, N3 = o,10,0,0,
Eo = 0,®0,®0,®0,30; Ny = 050,0,0,1, Ny = 0,0,10,0,
E1o = 0,00,80,80,&0, N, = 10,0,0,0,0,
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Table 2: The table presents the commutation
and anti-commutation.

X1 + + + -
Y1 - + - -
71 - + - +
X2 - + + +
Y2 - - + -
Z2 + — + —
X3 — — + +
Y3 - - - +
Z3 + + - +
X4 + - - +
Ya - - - -
Z4 - + + -
Xs + + - -
Ys + - - -
Zs + - + +
I + + + o+
The stabilizer and generator are given by
0,0,0,0,1
lo,0,0,0,
olo,o,0,
o,0.,10,0, | (12)
0,005,050y
0,0,0,0,0,
and the check parity matrix is
1 1 0 0 O 0 01 0 1
{0 1 1 0 O 1 0 0 1 0O
H_00110|01001 (13)
0O 0 0 1 1 1 01 0 O
We can take the basis codewords for this code to be
|0L >= ZNGDSN|00000 >, (14)
and
that is
1
10, >=7[100000 > +|10010 > +[01001 > +[01010 > —[11011 > —
00100 > —|11000 > —|11101 > —|00011 > —|11110 > — (16)
01111 > —|10001 > —|01100 > 410111 > +|00101 >
+|10100 >],
and
1
11, >=7[111111 > +|01101 > +]10110 > +[01011 > +[10101 > —
[00100 > —|11001 > —|00111 > —|00010 > —|11100 > — a7
00001 > —|10000 > —|01110 > —|10011 > —|01000 >
+]11010 >].

We can take the stabilizer
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51,3]] _
Bs[[ =< 0,0,0,1l0,,0,0,0,0,1,10,0,0,0,,0,10,0,,0, >, (18)

WhereB!!>**l is the dual of DI | The code is the simultaneous eigenspace with eigenvalue 1 of 4
commuting check operators (stabilizer generators)

M, = o,0,0,10,,
M, = o,0,0,0,1,
M3 = 10,0,0,0,, (19)

M, =0,10,0,0,.

Table 3: The table presents the generator which anti-commute with the error.

Error operator Generator anti-commute with the error

Ei1 = 0,80,®0,&0,Ra; M, = 0,0,0,0,1, My = 0,10,0,0,
E: = 0,800,80,800,80a; M; =lo,0,0,0,
Es = 0,®0,®0,%0,®0; My = 050,010, , My = 0,110,050,
Es = 0,800,800,80, 0, M, = 0,0,0,0,1

Es = 0,®00,80,&0,&0, M, =o,00,10,, M3 =10,0,0,0,
Es = 0,80,80,®0,®a; M, = o,00,10,

E7 = 0,®0,80,&0,&0a; M, = o,0,0,10,, My = 0,0,,0,0,1
Es = 0,®0,®0,80,®0; M; = 0,0,0,0,1, M3 = 10,0,0,0,
Eo = 0,®00,®0,80,R0, M3 =10,0,0,0,, My = 0,10,0,0,
E10 = 0,00,800,80,80, M, = 0,10,0,0,

Table 4: The table presents the commutation and anti-commutation.

M, M, M3 | M,

X1Y1Z4 + — + —
J— — + J—

— + + +

XoY22Zy + + - +
— — — +

— - + +

X3Y3”Zy — + + —
+ — — +

XaYal4 + — + +
+ — — J—

+ + — —

Xs5YsZyg — + — +
—_ + —_ J—

+ + + —

| + + H o+
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The stabilizer and generator are given by

0,0,0,l0,
0,0,0,0,1
| Io,0,0,0, |
o,lo,0,0, | (20)
llo,0,0,
llo,o,0,
and the check parity matrix is
0 01 0 1 11 0 0 O
1 0 0 1 0 01 1 0 1
H= 21
01001|00110 (21)
101 0O 0 0 0 1 1
We can take the basis codewords for this code to be
1
|0, >=7[—[00000 > +]10010 > +|01001 > +[01010 > +|11011 > —
00110 > —|11000 > +|11101 > —|00011 > +|11110 > + (22)
01111 > —[10001 > —|01100 > —|10111 > +|00101 >
—]10100 >],
and
1
|1, >=7[|11111 > +]01101 > —[10110 > —[01011 > —10101 > —
00100 > 411001 > +|00111 > —|00010 > +|11100 > — (23)
00001 > —|10000 > —|01110 > —|10011 > —|01000 >
—111010 >].
We can take the stabilizer
GIE3 —— I I I > 24
S 0,0,0,0,,10,0,0,0,,0,10,0,0,,0,10,0,0, >, (24)
where
g, = lo,0,0,0,,
g2 = Io-xo-zo-zo-xr
gs = oy loyo,0,, (25)

g4 = o lo,0y0,
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Table 5: The table presents the generator which anti-commute with the error.

Error operator

Generator anti-commute with the error

Ei1 = 0,®0,80,80,80,

gs = o lo,00,

E; = 0,®0,80,80,80,

g1 = lo,o,0,0,

Es = 0,®00,®0, 80,80,

g, = lo,0,0,0,, g, = 10,0,0,0,, g4 = 0,l0,0,0,

Es = 0,00,®0,®0,0,

g1 = IO'ZO'yO'yO'Z, g2 = 105,0,0,0,, g5 = 0x10,0,0,

Es = 0,®0,800,80,&0,

g1 = Iozayayaz, g3z = 0,10,0,0,, g, = O'ZIO'ZO'yO'y

Es = 0,80,80,&0,Xg,;

gs = O-xlo-xo-zo-z

Er = 0,®0,80,80,&0,

g2 = 10x0,0,0,

Es = 0,®0,80,80,Rg,;

g1 = Io-zo-yo-yo-zv g3z = O-XIO-XO-ZO-Z

Es = 0,®0,80,¥0,R0,;

g, = lo,0,0,0,, g4 = 0,10,0,0,

Ei0 =0,®0,80,80, 0,

g, = l0,0,0,0,, g, = O'ZIO'ZO'yO'y

E]_]_ = O'y®0'1®0'1®0-1®0'1

gz = oxloyo,0,, g, = 0,l0,0,0,

Ei2 = 0,®0,®0,®0,X0a;

g1 =10,0,0,0,, g, = 10,0,0,0,

Ei3 = 0,®0,®0,®0,Xa;

g2 = loyo,0,0,, g3 = oxlo,0,0,

Eus = 0,80,80,80,Pa;

92 = 10,0,0,0y, g3 = 0xlo,0,0,

Eis = 0,®0,80,80,X0,,

g1 = IO'ZO'yO'yO'Z, g2 = 105,0,0,0,, g5 = 0,10,0,0,

Table 6: The table presents the commutation and anti-commutation.

91 9> gs Ya
X1Y12Z, + + + —
+ + _ _
+ +
_ +
X2 Y2 Zs — + + +
_ _ + +
+ +
+ _
X3 Y3 Z3 — — + —
+ _ — _
_ + _
XaYa2Z4 —_ — —
+ _ _ J—
_ + _
Xs Y5 Zs — — _
_ — _ +
+ _ + _
| + + + +
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The stabilizer and generator are given by

lo 20700,
lo,0,0,0,

| o.do0,0, |
o,lo,0,0, ’ (26)
0,0,0,0,0,
0,0,0,0,0,
and the check parity matrix is
01 1 1 1 0O 0 00O O
({0 0 1 1 0 01 0 0 1
H= 0 0 0 1 1 l 1 01 0 O (27)
1 0 1 1 1 0O 0 0 1 1

We can take the basis codewords for this code to be

1
[0, >= Z“OOOOO > +|10010 > +|01001 > +|01010 > +|11011 > +

00110 > —|11000 > —|11101 > +]00011 > —|11110 > +  (28)
01111 > —|10001 > —|01100 > +|10111 > +|00101 >
+]10100 >],

and

|1L >= )_(|0L >
(29)
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We can take the stabilizer
Lg[5'1'3]] =< oy0y0,l0,0,0,0,0,1,10,0,0,0,,0,10,0,0, >, (30)

where

ly = oyo,0,10,,
l, =o0,0,0,0,1,
l; =lo,0,0,0,, (31)
ly =o0,l0,0,0,.

Table 7: The table presents the generator which anti-commute with the error.

or operator Generator anti-commute with the error
E1 = 0,®0,®0;Q0,80; ly =oy0y0,10, I, = 0,040,011, = 0,10,0,0,
E2 = 0,®0,®0;Q®0,R0; l, = oyoy0,l0,,1l, = 0,040,0,1, 13 =10,0,0,0,
Ez = 0,®0,®0,&0;R0a; ly =oy0y0,10,, 1, = 0,0,0,0,1,l5 =10,0,0,0,,l, = o,l0,0,0,
Es = 0,®0,®0;®0,Ra; l, = o0,0y0y0,1, 13 =l0,0,0,0;, ly, = 0,10,0,0,
Es = 0,®0,®0,&0,&0, L, =oy0y0,10,,1l3 =l10,0,0,0,, l, = 0,10,0,0,
Ee = 0,80,80,80,&a; l, = oy0y0,10,
E7 = 0,®0,80,800;&a; l, = 0y0y0,10,,1l, = 0,0,0,0,1
Es = 0,80;00,80;Ra; I, = o,040y0,1, 15 =l0o,0,0,0,
Eo = 0,®0,®0,®0,&0; I3 =l0,0,0,0,, 1, = 0,10,0,0,
E10 = 0;®0;80,Q0;R0, ly = 0,100,040,
En = 0,80,80,®0,®0a; l, = o,0,0y0,1, 1, = 0,10,0,0,
E12 = 0;®0, ®0,;®0,®a; l, = 0,0,0,0,]
Ei3 = 0,®0,®0,®0,®a; ly = oy0y0,l0,, 1, = 0,10,0,0,
Eu = 0;®0,80,80,®0a; l, = o0,040,0,1
Eis = 0,®0,®0,80,®0,, l, = oy0y0,l0,, I3 = l0,0,0,0,

Table 8: The table presents the commutation and anti-commutation.
L L, I3 Ly
X1 - -

+ -
Y
! - +

+ 4+
|

1

Xa - | -
Y2
7~
X3
Y3
Z3
X4
Ya
Z4
Xs
Ys
Zs

+ 4+ +

|
+
+

|

+ 4+ [+
|
+
+

+
|
+
++ +
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The stabilizer and generator are given by

o,0,0,l0,
0,0,0,0,1

| lo,0,0,0, | 32)
olo,0,0, |
O-xo-xo-xo-xo-x
O-ZO-ZO-ZO-ZO-Z
and the check parity matrix is
0O 01 0 1 0O 0 00O
|1 0 0 1 0 0O 00 0O
H_01001|00000 (33)
1 01 0O 0O 0 0 0O
We can take the basis codewords for this code to be
|OL >= ZNEDSll()OOOO >, (34‘)

and

We can take now the stabilizer

([5.1,3]] _
Vs =< 0y0,0,0yl1,l0y,0,0,0y,0,10,0,0,,0,0,10,0, >, (36)

where

v, =0

y0,0,0,1,

v, = lo,0,0,0,,
vz =o,lo,0,0,, (37)

V4 = 0,0,10,0,.

The stabilizer and generator are given by

0,0,0,0,1
loy,o,0,0,

| oylo,o,0, (38)
o,0,lo,0,
0,0,0,0,0,
0,0,0,0,0,
and the check parity matrix is
01100 0 0 00 O
[0 0 1 1 0 0 0 00O
H= 0 0 0 1 1 | 0 0 00O (39)
10 0 0 1 0 0 00O
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We can take the basis code words for this code to be

10, >= Y yeps 100000 >, (40)

and _
|1, >= X|0, >. (41)

4. CONCLUSION

For a quantum computer, the classical error-correction techniques cannot be directly carried, because
the classical techniques assume we can measure all of the bits in the computer. This is different in the
quantum world, this would destroy any entanglement between qubits, since the quantum computer
needs to keep phase information in entangled states conversely to a classical computer only needs to
preserve the bit values of 0 and 1. Thus, while quantum error-correcting codes are related to classical
codes, they require a somewhat new approach.

The class of quantum codes called stabilizer codes considered as a most good and effective class of
quantum codes for the stabilization of the state quantum. This is given by a formalism of the stabilizer

group.

In this paper we are finding that we can stabilize the subspace of the quantum code by different stabilizer
sets not a unique stabilizer set. But in generally the no stabilizer codes are more effective compared to
the stabilizer codes.
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